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“F Abstract
=1 Animals are able to rapidly infer from limited experience when sets of state action pairs have equivalent reward and
., transition dynamics. On the other hand, modern reinforcement learning systems must painstakingly learn through trial

and error that sets of state action pairs are value equivalent—requiring an often prohibitively large amount of samples
from their environment. MDP homomorphisms have been proposed that reduce the observed MDP of an environment
to an abstract MDP, which can enable more sample efficient policy learning. Consequently, impressive improvements
in sample efficiency have been achieved when a suitable MDP homomorphism can be constructed a priori—usually
by exploiting a practioner’s knowledge of environment symmetries. We propose a novel approach to constructing a
homomorphism in discrete action spaces, which uses a partial model of environment dynamics to infer which state
action pairs lead to the same state—reducing the size of the state-action space by a factor equal to the cardinality of the
action space. We call this method equivalent effect abstraction. In a gridworld setting, we demonstrate empirically that
equivalent effect abstraction can improve sample efficiency in a model-free setting and planning efficiency for model-
based approaches. Furthermore, we show on cartpole that our approach outperforms an existing method for learning
homomorphisms, while using 33 x less training data.
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Figure 1: State action pairs that lead to the same state have equivalent values (shown by the blue arrows). Instead of
learning these equivalent values individually, we instead learn the value of one abstract action that represents both blue
arrows. These values are looked up and learned with a backwards dynamics model during training—meaning no prior
knowledge is required from a practitioner.

1 Introduction

Modern reinforcement learning (RL) agents outperform humans in previously impregnable benchmarks such as Go
[Silver et al., 2016] and Starcraft [Vinyals et al., 2019]. However, the computational expense of RL hinders its deployment
in promising real world applications. In environments with large state spaces, RL agents demand hundreds of millions
of samples (or even hundreds of billions) to learn a policy—either within a environment model [Hafner et al., 2020] or by
direct interaction [Mnih et al., 2013]. Function approximation can enable some generalisation within a large state space
but still most RL agents struggle to extrapolate value judgements to equivalent states.

In contrast, animals can easily abstract away details about states that do not effect their values. For example, a foraging
mouse understands that approaching a goal state (shown as a piece of cheese in Figure 1) while travelling east will have
the same value as approaching the same goal state from the west. These sort of state abstractions have been defined
in RL as Markov decision process (MDP) homomorphisms [Ravindran and Barto, 2001, van der Pol et al., 2020b]. MDP
homomorphisms reduce large state action spaces to smaller abstract state action spaces by collapsing equivalent state
action pairs in an observed MDP onto a single abstract state action pair in an abstract MDP [van der Pol et al., 2020b].

Given a mapping between an abstract MDP and an experienced MDP, policies can be learned efficiently in the
smaller abstract space and then mapped back to the experienced MDP when interacting with the environment
[Ravindran and Barto, 2001]. Additionally, if a homomorphic function that maps between equivalent state action pairs
is known, it can be used to augment the training experience with more samples. However, obtaining mappings to and
from the abstract state action space is challenging. Success has been achieved by hard coding homomorphisms into
policy networks but learning homomorphic mappings online is an unsolved problem [van der Pol et al., 2020b].

We develop equivalent effect abstraction, a method to construct MDP homomorphisms given a learned backwards dy-
namics model—leveraging the fact that state action pairs leading to the same next state must be equivalent. Our approach
improves upon the usual model-based-RL scenario as the size of the state action space is fundamentally reduced—
enabling more efficient planning (see Figure 3b). Additionally, unlike model-based RL, equivalent abstraction does not
require reward modelling. To validate our approach, in Section 4 we demonstrate in a gridworld and control environ-
ment that equivalent effect abstraction can improve planning efficiency and sample efficiency.

2 MDP Homomorphisms

Using the definition from [Silver, 2015], an MDP M can be described by a tuple (S, A, P, R,~) where S is the set of all
states, A is the set of all actions, R = E[R;1|S: = s, A; = a] is the reward function that determines the scalar reward
received at each state, P = P[S;11 = §'|S; = s,A; = a] is the transition function of the environment describing the
probability of moving from state to another for a given action and v € [0, 1] is the discount factor describing how much
an agent should favour immediate rewards over those in future states. An agent interacts with an environment through
its policy w(a|s) = P[A; = a|S, = s] [Silver, 2015] which maps the current state to a given action. To solve an MDP, a
reinforcement learning agent must develop a policy that maximises the return &G, which is equal to the sum of discounted
future rewards G = Z;‘F:O v R41 (Where t is the current timestep and 7' is the number of timesteps in a learning episode).
[Ravindran and Barto, 2001] introduced the concept of a homomorphism, h = (o, {cs|s € S) from an agent’s experienced
MDP M to an abstract MDP M = (S, A, P, R,~), which satisfies two definitions presented by [van der Pol et al., 2020b]
in the following form.

P(o(s)]o(s), as(a)) = Z P(s"|s,a), Vs,s'€S,ae A 1)
s""eoc—1(s")
R(o(s),as(a)) = R(s,a), Vs€S,ac A (2)
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Figure 2: Schematic diagram of how the homomorphic mapping o is learned. First a backwards model B is learned
from experience mapping every S;; to its equivalent state for the arbirtrarily selected canonical action 1 (unless the
canonical action was selected in S;). Once the backwards model B is learned, we use the states it predicts as labels for a
homomorphic map o, which takes a state action pair as input to predicts the equivalent state for the canonical action 7.

Where ¢ is a mapping from experienced states to abstract states, while «; is a state dependent mapping between ex-
perienced and abstract actions. Equations (1) and (2) demonstrate that a homomorphic map of states and actions must
maintain the transitions dynamics and reward functions of the experienced MDP within the constructed abstract MDP.
As proved in [Ravindran and Barto, 2001] and leveraged more recently by [van der Pol et al., 2020b], if the true Q-values
in the abstract MDP are known Q*(o(s), as(a)), then equipped with a homomorphism h, the true Q-values in the expe-
rienced MDP can be “lifted” [Ravindran and Barto, 2001] from their abstract counterparts.

Q*(0(s),as(a)) = Q*(s,a) Vs€S,ac A (3)

Where () is the value of observing state s and selecting action a and * signifies the value function is optimal
[van der Pol et al., 2020b]. This is useful because the size of abstract state action space S x A is usually much smaller
than the size of the experienced state action space S x A. Consequently, if an agent is equipped with a homomorphic
map, a policy can be learned efficiently in the reduced abstract state action space and then “lifted” to the experienced
state action space when interacting with the environment [Ravindran and Barto, 2001]. Unfortunately, without knowing
an environment’s symmetries, obtaining a homomorphic map is difficult. In the next section we present a novel method
for inferring a homomorphic map from experience.

3 Equivalent Effect Abstraction

Equivalent effect abstraction is based on a few simple observations that are guaranteed to be true if R and P are de-
terministic. Firstly, state action pairs that lead to the same next state have equivalent reward functions (by definition).
Secondly, state action pairs that lead to the same next state also have equivalent transition functions under an unknown
state homomorphism function o. To leverage these properties to learn policies in an abstract MDP, we must develop a
method to learn the mapping o between state action pairs that lead to the same state.

Consider the normal RL scenario where an agent takes an action « in state represented by a vector s and ends up in
state s’. Once in state s’, how can we infer what other state action pairs could also lead to state s’? We could make this
inference if we had a backwards model of the environment. To build a backwards model B, we collect experience tuples
(s,a,r’,s") from the environment and then optimise the parameters of the model ¢ with an MSE loss function.

argmin || By(s', a) — 53 )
0

With a learned backwards model By we can predict what states are equivalent by considering a state s’, sampling actions

from our action space and then querying our model to produce a set of equivalent states Sj(;uiv for a given s'.

8% v = {By(s',a)|a € A} (5)

equiv

Now that we have sets of equivalent state action pairs and we can learn another model o parametrised by ¢ to map
between equivalent states that we have imagined using our backwards model. In practice, we arbirtrarily select a canon-
ical action a from the full set of experienced actions .A. Then we can predict a mapping of all state action pairs to the
equivalent state canonical action pair using labels generated by By.

argmin || o4 (s, a) — By(s',a)||3 (©)
¢
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Figure 3: (a), (b) In a tabular gridworld abstracting away redundancies in the Q-table improves sample efficiency. For
the vanilla Q-learning/planning baselines, an agent must learn the value of each state action pair for all actions in the
action space. With equivalent effect abstraction, we reduce the number of Q-values that need to be learned. This yields
improvements in both model-free methods (Q-learning) and model-based approaches (Q-planning). 50 seeds are used
for Q-learning while 10 seeds are used for Q-planning. (c) The homomorphic map can be used to generate more samples
to improve sample efficiency in cartpole. This approach is the simplest to implement and here delivers plug and play
success with a DQN. PRAE [van der Pol et al., 2020a] a related approach for learning homomorphisms is used as baseline.
The number random policy steps to collect experience to train the homomorphism are not included here for PRAE or
our method. 10 seeds are used for each cartpole method. In all figures, the shaded region represents the standard error
of the mean.

In Learning the model of o, we can generate the equivalent state canonical action pair for all of the state action pairs in
our experienced MDP M. In doing so, we create a new reduced MDP M where the size of the action space is only one
canonical action a and hence the total size of the state action space in which we need to find a policy has been reduced
by a factor equal to the size of the original action space A. As there is only one action in the reduced MDP, learning the
action mapping «; is trivial. Note that in some cases—such as near borders in gridworlds—there is no equivalent state
for a given state-action pair. In these cases we revert to vanilla Q-learning temporarily (see Algorithm 1).

Equipped with our action dependent mapping between equivalent states and actions, which also satisfies Equations (1)
and (2), we can now perform more sample efficient reinforcement learning. Note that for simplicity, one could simply
use the equivalent states generated by o4 as data augmentation while training a policy within the experienced MDP M.
This is the approach we take in the cartpole experiments in Figure 3c.

Lastly, we highlight that with full knowledge of the transition dynamics of the environment (i.e. a backwards model
and a forwards model F) then learning the homomorphic mapping oy is not necessary. The equivalent canonical state
action pair for a given state action pair can be obtained by stepping forwards and then backwards through an envi-
ronment model § = B(F(s,a),a). In future work this property could be leveraged for recent RL methods that are
bidirectional [Yu et al., 2021]. Finally, for clarity we show exactly how our learned homomorphic map can be inte-
grated into Q-learning to improve sample efficiency in Algorithm 1—an altered version of Q-learning presentations
from [Silver et al., 2016][Sutton and Barto, 2018, p. 131].

4 Experiments

We begin with the maze environment from [Sutton and Barto, 2018, p. 202]. We use an open-source Q-learning
[Watkins and Dayan, 1992] implementation as a baseline! (along with their maze code). We then adapt the Q-learning
implementation to make use of a homomorphic map as shown in Algorithm 1. In this particular experiment, we assume
a model of the environment is known beforehand—which we move through forwards and then backwards to create a
homomorphic map. We show in Figure 3a that our approach compares favorably to vanilla Q-learning, converging much
faster to the optimal policy. To demonstrate the potential for improved planning efficiency, we performed a further ex-
periment on the gridworld with model-based Q-planning [Sutton and Barto, 2018, p. 161]. Our Q-planning method is
equivalent to the Q-learning implementation but altered to learn by randomly sampling model transitions. At each Q-
planning update we pause training and evaluate performance in a 100 step episode. Planning performance is shown in
Figure 3b.

Next, we apply our approach to the cartpole benchmark using featurised inputs represented by the four-dimensional
vector (position, velocity, angle, angular velocity) and a discrete action space of moving the cart left or right. Prior to
learning a policy, we collect 3 episodes of experience with a random policy (data collection episodes are not plotted
for PRAE or our method in Figure 3c). With these 3 episodes we are able to train the homomorphic map (two simple
linear models, one for each action optimised with Adam [Kingma and Ba, 2015]) to generate equivalent state action pairs

"ttps://github.com/thehawkgriffith/dyna-maze
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for the opposite action to the one experienced. We use this augmentation approach for ease of implementation and an
apples to apples comparison to the DQN baseline? (i.e. the policy architectures are equivalent). In the future, equivalent
effect abstraction could be used to improve planning efficiency on cartpole when using model-based methods (due to a
reduction in the size of the state action space) for even better sample efficiency.

To measure sample efficiency improvements, we trained a DQN augmented with additional experience from our homo-
morphic map. We also trained the same DQN as a baseline but without the augmented experience. We also compare to
an alternative method for learning homomorphisms PRAE [van der Pol et al., 2020a], which uses 100 episodes to learn its
homomorphism—33x the amount we use. As shown in Figure 3¢, we improve upon both baselines—with our approach
converging at around episode 10 while vanilla Q-learning takes around 20 episodes to converge.

5 Related Work

Many approaches aim to learn abstracted models of environment dynamics and a full review of these methods is beyond
the scope of an extended abstract. Here we focus on a selected subset of papers that we have found to be particularly
relevant to our work. [Ravindran and Barto, 2001] developed a theoretical framework for state action abstraction, while
also deriving theoretical guarantees when lifting abstract policies to the experienced MDPs. More recently, homomor-
phisms in MDPs have been promoted as a means to improve sample efficiency in tasks with inherent symmetries. PRAE
[van der Pol et al., 2020a] trained a contrastive world model and accompanying loss function that satisfies the transi-
tion dynamics definition (Equation (1)) by design—with some good results in cartpole when 1000 episode of experience
are available for training. However, in the relatively low sample regime (e.g. 100 episodes) their homomorphism is
less effective as we show in Figure 3c. [van der Pol et al., 2020b] derived a method for learning network weights that
are equivariant to environment symmetries (which implicitly creates an MDP homomorphism) but their algorithm re-
quires a practitioner to hardcode such symmetries beforehand. Perhaps the most relevant related approach is the use
of afterstates [Sutton and Barto, 2018][p. 136]. Afterstates slightly shift an MDP out of phase with conventional state
transitions—creating environment states that are in between the initial effect of a policy’s action and the reaction of
the environment to said action. However, applications of the afterstates framework has generally been constrained to
boardgames [Tesauro et al., 1995] and usually focus on dealing with the stochasticty of an opponent rather than improved
sample efficiency [Antonoglou et al., 2021].

More broadly, model-based RL has enabled superhuman
performance in Atari with a relatively small amount of ex-
perience [Hafner et al., 2020] but the number of planning
steps required to learn a policy is still very large. Back-

Algorithm 1 Equivalent Effect Abstraction Q-learning

Set learning rate o € (0,1], small e
Select a canonical action @ arbitrarily from .A

wards models have recently been proposed to improve
sample efficiency of world model representation learning,
which could be interesting if integrated with equivalent
effect abstraction [Yu et al., 2021]. Our approach is related
to approaches that learn data augmentation policies for re-
inforcement learning, however such approaches typically
perform best with a set of prespecified data augmenta-
tions [Raileanu et al., 2021].

6 Conclusion

Equivalent effect abstraction is a simple method that re-
duces the size of the state action space considerably for
discrete action space MDPs. The approach is easy to im-
plement and provided a backwards dynamics model of
the environment it requires no prior knowledge of envi-
ronment symmetries from a practitioner. In the future,
equivalent effect abstraction could be integrated into pop-
ular model-based algorithms [Hafner et al., 2020] to im-
prove planning efficiency on large scale tasks or built into
state of the art model-free approaches to improve sample
efficiency.

Randomly initialise Q(s,a),Vs € S,a € A
Obtain state homomorphism o
function GREEDYPOLICY(s, a)
Initialise values = []
fora =1,|A| do
if 5 =0(s,a) € S then
values.append(Q(o(s,a),a))
else
values.append(Q(s, a))
end if
end for
return a = argmax, (values)
end function
for episode = 1, M do
Initialise s;
fort=1,7do
With probability e pick random action a;
otherwise compute a; = GreedyPolicy(s;)
Take action a;, observe r;, s¢11
Set a* = GreedyPolicy(s¢+1)
Set Q(st, ar) += afrs + YQ(st4+1,a") — Q(s¢, ar)]
Set St = St+1
end for
end for

thtps ://gist.github.com/Pocuston/13f1a7786648ele2ff95bfad02a51521
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